Vasiliev's type A higher spin theories in AdS 4 have been conjectured to be dual to the U (N ) or O(N ) singlet sectors in 3-d conformal field theories with N -component scalar fields. We compare the O(N 0 ) correction to the 3-sphere free energy F in the CFTs with corresponding calculations in the higher spin theories. This requires evaluating a regularized sum over one loop vacuum energies of an infinite set of massless higher spin gauge fields in Euclidean AdS 4 . For the Vasiliev theory including fields of all integer spin and a scalar with ∆ = 1 boundary condition, we show that the regularized sum vanishes. This is in perfect agreement with the vanishing of subleading corrections to F in the U (N ) singlet sector of the theory of N free complex scalar fields. For the minimal Vasiliev theory including fields of only even spin, the regularized sum remarkably equals the value of F for one free real scalar field. This result may agree with the O(N ) singlet sector of the theory of N real scalar fields, provided the coupling constant in the Vasiliev theory is identified as G N ∼ 1/(N − 1). Similarly, consideration of the U Sp(N ) singlet sector for N complex scalar fields, which we conjecture to be dual to the husp(2; 0|4) Vasiliev theory, requires G N ∼ 1/(N + 1). We also test the higher spin AdS 3 /CF T 2 conjectures by calculating the regularized sum over one loop vacuum energies of higher spin fields in AdS 3 . We match the result with the O(N 0 ) term in the central charge of the W N minimal models; this requires a certain truncation of the CFT operator spectrum so that the bulk theory contains two real scalar fields with the same boundary conditions.
Introduction and Summary
The existence of massless interacting theories of higher spin gauge fields in AdS space [1] [2] [3] [4] [5] is a fascinating fact that has stimulated a lot of recent research. In particular, it allows for extensions of the AdS/CFT correspondence [6] [7] [8] to non-supersymmetric large N field theories where the dynamical fields are N -vectors rather than N × N matrices [9] . The U (N ) singlet sector of the 3-d theory of N massless complex scalar fields has been conjectured to be dual to Vasiliev's type A theory in AdS 4 , which contains each integer spin once [9] . The latter theory has a truncation to a so-called minimal theory containing even spins only; it has been conjectured to be dual to the the O(N ) singlet sector of the 3-d theory of N massless real scalar fields. Similarly, 3-d theories of N massless fermion fields have been conjectured to be dual to Vasiliev's type B theory, where the scalar has negative parity [10, 11] . Comparisons of three-point correlation functions have provided considerable evidence in favor of these conjectures [12] [13] [14] [15] [16] [17] [18] [19] [20] . Another important recent development [21, 22] has been the realization that the U (N ) or O(N ) singlet constraint may be imposed by coupling the dynamical massless fields to a Chern-Simons theory at level k. When k is sent to infinity, then the duality conjectures for Vasiliev's type A and B models are recovered. When the 't Hooft coupling N/k is kept finite, the bulk duals are conjectured [22, 23] to be more general parity breaking Vasiliev's theories, whose equations of motion contain extra parameters which are mapped to the CFT 't Hooft coupling. Calculation of correlation functions at leading order in N provides evidence for these generalized vectorial AdS/CFT dualities [24] .
The goal of our paper is to test the above conjectures in a new way by considering the O(N 0 )
correction to the CFT partition function. By the AdS/CFT dictionary, the CFT partition function F = − log Z on a round S 3 is related to the partition function of the bulk theory on the Euclidean AdS 4 vacuum with metric
where dΩ 3 is the metric of a unit round 3-sphere. An interesting challenge is to try to match the F value for N free conformal 3-d fields with that in the Vasiliev higher spin theory in the Euclidean AdS 4 [25] . On general grounds, the bulk partition function takes the form 2) where G N denotes the bulk coupling constant. By a simple argument based on matching the large N scaling of correlation functions, one sees that G −1 N ∝ N in the large N limit.
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The leading term in (1.2) corresponds to the value of the suitably regularized classical action computed on the vacuum solution with metric (1.1), and with all other fields set to zero. Since we do not currently know an action for Vasiliev's theory which reduces to the standard quadratic actions at the free level, 2 a direct calculation of F (0) appears to be hard and we will not address it here. The subleading terms in (1.2) arise from the quantum corrections, and are obtained by computing the vacuum diagrams of the bulk fields in the AdS 4 background. In particular the calculation of the one loop term F (1) , which is the focus of this paper, is in principle a well-posed problem. 3 We have to evaluate the one loop determinants for all bulk fields propagating in the AdS 4 background, and then regularize their sum so that the power law divergences are removed.
In practice, we perform this regularization using a certain analytic continuation similar to the ζ function regularization.
The results, which we present in section 2, turn out to be quite interesting. For the theory of N free complex fields, F is of order N and all the higher order corrections should vanish. We show that the O(N 0 ) correction F (1) indeed vanishes in the non-minimal type A Vasiliev theory containing fields of all integer spin including a scalar with the ∆ = 1 boundary condition.
Calculation in the minimal type A theory containing fields of even spin only, gives instead
16π 2 . Remarkably, this is exactly the same as the contribution to F of a single real conformal scalar field [25] ! On the other hand, in the theory of N real free fields, the O(N 0 ) correction to F of course must vanish. We believe that the bulk calculation can be consistent with this due to a subtlety in the definition of G N . The exact relation between G N an N may involve corrections which are subleading at large N . It was argued in [15] that the coupling constant in Vasiliev's theory should be quantized. The most general relation between 1 This is because the dynamical fields in the dual CFT are N -vector fields rather than N × N matrices.
2 Actions for Vasiliev's theory were proposed in [26] [27] [28] (see [29] for earlier work). They do not appear to reduce to ordinary quadratic lagrangians when expanded around the AdS 4 vacuum, and it is not clear to us how to extract the tree level free energy F (0) from those actions. 3 This problem is harder, though, than calculating the difference between the values of F (1) corresponding to the two possible boundary conditions in AdS space. These calculations were carried out in [25, [30] [31] [32] [33] [34] . G N and N should then be of the form G −1 N = γ(N + n), where γ is a constant and n a fixed integer. For the duality involving the minimal type A theory and O(N ) invariant theory of real scalar fields, taking n = −1 can make the bulk calculation fully consistent with field theory expectations. In fact, exactly the same shift was found for the topological string theory dual to SO(N ) Chern-Simons gauge theory [35] .
In section 2.1 we conjecture a new higher-spin duality which relates the U Sp(N ) singlet sector of the theory of N free complex scalar fields (here N is even) to the husp(2; 0|4) Vasiliev theory in AdS 4 . The latter theory contains one field of each even spin and three fields of each odd spin [5] . Using this spectrum we find that F was also found for the topological string theory dual to U Sp(N ) Chern-Simons gauge theory [35] .
One may be concerned that our AdS/CFT matching of F is incomplete due to the presence of the U (N ) or O(N ) or U Sp(N ) Chern-Simons gauge fields. They give contributions to F which are of order N 2 log(k/N ) [25] , and there are no terms of this order in the Vasiliev theory. Indeed, in the complete formulation of the bulk dual of the Chern-Simons matter theories, the
Vasiliev theory probably has to be coupled to a topological sector that is the dual of the pure Chern-Simons theory [24, 37] . Such topological string theories have been constructed in [35, 38] .
While the coupling of Vasiliev theory to the topological sector is not clear to us, we believe that it does not affect our matching in the limit k → ∞. In this limit, the contribution to F from N complex scalars has the structure N However, for non-vanishing N/k the Chern-Simons coupling becomes important, and it may be harder to make a sharp comparison. The conjectures of [22, 23] relate the Chern-Simons matter theories at finite 't Hooft coupling to certain parity violating higher spin theories. However, the free spectrum of these theories is unchanged when turning on the parity breaking interactions, 5 which would lead to the same result for the bulk one loop free energy as in the parity 4 The physical effects of Chern-Simons gauge fields on manifolds of higher topology were studied in [36] . 5 The parity breaking Vasiliev theories depend on certain phase-like parameters which are functions of the preserving Vasiliev's theory discussed above. On the other hand, the O(N 0 ) contribution to the CFT free energy is expected to be a non-trivial function of the coupling N/k. A similar puzzle is posed by the type B theories which are supposed to be dual to Chern-Simons theory coupled to one fermion in the fundamental representation. In this case the fermion provides a half-integer shift of k due to the parity anomaly [41, 42] , so it may be inconsistent to simply subtract the Chern-Simons contribution. Indeed, the comparison with the one loop correction in Vasiliev theory, that works so well for the singlet sector of scalar theories, does not yield agreement for the fermionic theories. For the bulk theory containing all integer spin fields and a scalar with the ∆ = 2 boundary condition, we find
8π 2 . This value is correct for the critical O(N ) model [25] , but it does not agree with the vanishing result expected in the theory of N Dirac fermions. We hope to return to these puzzles in the future.
In section 3 we carry out a one loop test of higher-spin AdS 3 /CF T 2 dualities. A conjecture by Gaberdiel and Gopakumar [43, 44] relates the 2-d
coset CFTs, known as the W N minimal models, to higher-spin theory in AdS 3 [5, 45] . Working in the large N 't Hooft limit we reproduce the O(N 0 ) correction to the central charge of this theory using a one loop calculation in AdS 3 . In doing so, we have to assume that the bulk theory contains gauge fields of spin s = 2, 3, . . ., as well as two real scalar fields corresponding to CFT operators of the same dimension ∆ ± = 1 ± λ. This is exactly the spectrum that appears in certain truncations of the coset CFT that were proposed by Chang and Yin [46] . If the 't Hooft coupling is identified
then we have to adopt the ∆ − boundary conditions; if it is instead identified as
6 then we have to adopt ∆ + . A refinement of the original conjecture of [43] was also presented in [47] , with a similar conclusion that the perturbative spectrum of the bulk theory should only include two real scalar fields with the same choice of boundary condition, i.e. one complex field as in the bosonic truncation of the models of [5, 45] . The analysis of [47] favors the ∆ + boundary condition for the two perturbative bulk scalar fields.
One loop free energy in AdS 4 Vasiliev's theory
Let us first consider the bosonic type A Vasiliev's theory whose spectrum consists of massless higher spin fields of all integer spins s = 1, 2, . . ., each occurring once, and one conformally 't Hooft coupling λ = N/k and affect higher spin interactions, but not the free equations of motion. However, in these theories the bulk coupling constant G N is also expected to be a function of the 't Hooft coupling of the form G −1 N ∼ N sin πλ πλ , in order to match the λ dependence of the 2-point function of the stress tensor (and higher spin currents) in the CFT [39, 40] . 6 We are grateful to Rajesh Gopakumar for informing us about this possibility.
coupled scalar field. When the scalar field is quantized with the ∆ = 1 boundary condition 7 and all higher spin fields with ordinary boundary conditions ∆ = s + 1, this model is conjecturally dual to the 3d theory of N free complex scalars in the U (N ) singlet sector [9] . The bulk one loop partition function is
The structure of the higher spin determinant arises from gauge fixing, and includes the contribution of the anticommuting spin s − 1 ghosts [48] [49] [50] [51] [52] [53] [54] . The label STT indicates that the determinants are evaluated on the space of symmetric traceless transverse tensors. These one loop determinants can be computed with the aid of the spectral zeta function [55] which was derived for all integer spins and all dimensions by Camporesi and Higuchi [56, 57] . Given the differential operator (−∇ 2 + κ 2 ) (with κ a constant) acting on the space of STT spin s fields, one can define an associated spectral zeta function as the Mellin transform of the corresponding heat kernel. Explicitly, in general boundary dimension d one finds [56, 57] 
Here vol AdS d+1 is the (regularized) volume of Euclidean AdS, g(s) is the number of degrees of freedom of a STT spin s field in d + 1 dimensions, and µ s (u) is the so-called spectral density.
In the present case of d = 3, we have
Given the spectral zeta function (2.2), the contribution to the one loop free energy F (1) = − log Z 1−loop of the spin s field with kinetic operator (−∇ 2 + κ 2 ) is obtained as [55] 
4)
7 A conformally coupled scalar in 4d has m 2 = −2/ 2 (we will set the AdS radius = 1 in the following), which leads to dual conformal dimensions ∆ = 1, 2.
where Λ is a renormalization mass scale. The logarithmic term proportional to ζ (∆,s) (0) arises in even dimensional spacetimes and is related to the conformal anomaly. We now show that this logarithmic divergence vanishes in Vasiliev's theory when we use the ζ function regularization to sum over all spins. The value of the spectral zeta function at z = 0 can be computed by writing tanh πu = 1 − 2 e 2πu + 1 (2.5) and evaluating the resulting integral by analytic continuation in z. This leads to [56] 
From (2.1), we see that ∆ = s + 1 for the physical transverse spin s field, and ∆ = s + 2 for the spin s − 1 ghosts. Then the full logarithmic term of the one loop free energy is
Performing the sum over spins with ζ function regularization, and using ζ(0) = − log ( 2 Λ 2 ), which is indeed the correct coefficient of the logarithmic divergence in pure Einstein gravity in AdS 4 [50] (see also [58] ).
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Having shown that the logarithmic piece vanishes, we now move to the computation of the finite contribution to F (1) . Evaluating the derivative of the spectral zeta function at z = 0, one obtains [56] ζ (∆,s) (0) = 1 3 (2s + 1) ν
where
is the digamma function, and c 1 , c 2 are constants given by the integrals
Let us define
Then, for the ∆ = 1 scalar we have 11) while the massless higher spin fields contribute
From these expression we see that the first three terms in (2.11) are precisely canceled by the first line of (2.12) when we sum over all spins using the ζ function regularization. We can therefore concentrate on the remaining more complicated contributions. For the scalar, we find Plugging this into (2.10) one can first perform the x-integral, and then sum over all s with ζ 9 While the derivation of (2.8) from (2.2) strictly speaking assumes positive ν = ∆ − 3/2, i.e. the ∆ + = 2 boundary condition, a consistent prescription [34] to obtain the correct value for the alternate boundary condition ∆ − = 1 is to analytically continue (2.8) to negative ν. This procedure gives a result in agreement with the difference F ∆+ − F ∆− computed using different methods [25, 30, 33] (1 − e −t ) 2 t 4 .
This integral has only cubic and linear divergences near t = 0, where the integrand behaves as
. Note that, importantly, the logarithmic divergence is absent. We will compute this integral by analytic continuation, in the same spirit as the ζ function regularization. This can be done by using the integral representation of the Hurwitz-Lerch function
The integral (2.15) can be expressed as a combination of Φ(z, s, v) and its z-derivatives evaluated at z = 1. In turn, these can be related to the Hurwitz zeta function
which can be easily analytically continued to negative s analogously to the ordinary Riemann zeta function. After a somewhat lengthy calculation, we find the result
4π 2 , we see that this precisely cancels the scalar contribution (2.13)! As a further check, we have also evaluated the integral (2.15) numerically after subtracting from the integrand the terms 8 3t 4 − 1 9t 2 which give pure power divergences; this procedure gives precise agreement with the analytic answer above. We conclude that the one loop vacuum energy in the bosonic type A Vasiliev theory with a ∆ = 1 scalar precisely vanishes:
This is consistent with the conjectured duality [9] with N free complex scalars in the U (N ) singlet sector, and the simplest identification of the bulk coupling G −1 N = γN with no order one shifts of N . The results of [25, 33, 34] , or a direct evaluation of (2.10) with ν = 1/2, s = 0, then imply that when the scalar is quantized with ∆ = 2 boundary condition
8π 2 , consistent with the field theory containing the double-trace interaction ∼ (φ a φ a ) 2 . Of course, it remains to be shown that G
8π 2 . We can perform an analogous calculation in the case of the "minimal" type A Vasiliev's theory which contains one conformally coupled scalar and one field of each even spin s = 2, 4, . . .. For the ∆ = 1 boundary condition on the bulk scalar, this theory is conjecturally dual to N free real scalars in the O(N ) singlet sector [9] . The computation proceeds along the same lines as described above. First one finds that, as in (2.7), the logarithmic divergence cancels. This is because in ζ function regularization even s . The finite contribution to the one loop free energy is given by
The sum over spins can be evaluated as explained above, which leads to the integral
t + e −4t
(1 − e −t ) 2 (1 + e −t ) 2 t 4 (2.21)
This can be computed similarly to (2.15) by using the relation
and the integral representation of the Hurwitz-Lerch function. Now we also need its value at z = −1, which is related to the Hurwitz zeta function through the identity 2 Thus, we find that the one loop vacuum energy does not vanish in the minimal type A theory.
However, remarkably, it is precisely equal to the value of the 3-sphere free energy F for a real conformally coupled scalar field! This result is therefore consistent with the duality with N free real scalars in the O(N ) singlet sector, provided the identification between the bulk coupling
Interestingly, a similar shift N → N − 1 appears in the dictionary relating the 't Hooft coupling to bulk parameters in the duality between pure SO(N ) Chern-Simons theory and the topological string [35] . It implies that the SO(N ) Chern-Simons theory has a natural large N expansion in powers of N − 1. Since a complete bulk dual to the singlet sector of the vector model would require coupling Vasiliev's theory to a topological sector describing the pure Chern-Simons dynamics, it is likely that the result we find is connected to that found in [35] .
The above considerations imply a special role of the CFT with N = 1, i.e. a single free real scalar field. 10 The dual higher spin description of this theory involves infinite G N , so that there is no classical contribution to F ; nor is there any Chern-Simons contribution because SO (1) is trivial. Remarkably, the sum over one loop vacuum energies of even spin fields in Euclidean AdS 4 reproduces the exact value of F in the free scalar field theory, and there should not be any further corrections. Thus, the N = 1 case of the duality proposed in [9] may be "topological"
and warrants special investigation.
U Sp(N ) invariant 3-d scalar theory and its Vasiliev dual
In this section we make a duality conjecture for the husp(2; 0|4) Vasiliev theory in AdS 4 and carry out its one loop test. In general, the husp(n; m|4) theory [5] contains n(n+1)+m(m+1) 2 massless gauge fields of odd spin,
fields of even spin, and nm fields of half-integral spin (here both n and m must be even). For n = m the theory is supersymmetric, while the minimal bosonic theory appears for n = 2, m = 0. The spectrum of the husp(2; 0|4) theory in AdS 4
consists of one massless field of each even spin and three massless fields of each odd spin. The latter transform in the adjoint of U Sp(2) = SU (2). In particular, the bulk theory includes a non-abelian spin 1 field with gauge group SU (2). theory with the ∆ = 2 boundary condition on the scalar. Similarly, by modifying the boundary conditions on higher-spin fields we can obtain 3-d CFT's where certain currents are gauged [34] .
Let us calculate the one loop free energy in the bulk for the choice where the scalar bilinear has ∆ = 1. Since the logarithmic divergence cancels for the theory with all integer spins and for the theory with only even spins, it again cancels. The finite part is
which is precisely minus the value of the 3-sphere free energy F of a complex scalar field. This is consistent with our conjecture, provided there is a shift N → N + 1 in the bulk coupling constant, so that
husp(2;0|4) = (N + 1)
A similar shift N → N + 1 indeed also appears in the duality between pure U Sp(N ) ChernSimons theory and the topological string [35] .
3 Correction to central charge from one loop determinants in AdS 3
In this section we carry out a one loop test of the Gaberdiel-Gopakumar duality conjecture [52] , which relates the large N limit of W N minimal models, i.e. 2-d
coset CFTs, to higher-spin theory in AdS 3 [45] . The central charge of these CFTs has the large N expansion . We will be able to match the O(N 0 ) term, but only if we use the CFT operator truncation proposed by Chang and Yin [46] , and also by Gaberdiel and Gopakumar [47] . In other words, we will consider Vasiliev's higher spin theory in AdS 3 whose spectrum includes massless higher spin fields with spins s = 2, 3, . . . and two real scalars with mass m 2 = λ 2 − 1, corresponding to the same dual conformal dimensions ∆ ± = 1 ± λ. We find that the plus sign in (3.1) corresponds to ∆ − , while the minus sign corresponds to ∆ + .
We will compute the one loop correction to the free energy of the theory on the (Euclidean)
AdS 3 vacuum solution
This is related to the free energy of the boundary CFT on a round S 2 , and from its logarithmic divergent piece we can extract the central charge of the model. The one loop partition function in the bulk is given by the ratio of determinants
or, with F 1−loop = − log Z 1−loop ,
In each of the scalar factors we have a choice of ∆ + or ∆ − boundary condition. The structure of the higher spin terms arises from gauge fixing and includes the contribution of the spin s − 1 ghosts.
The relevant one loop determinants can be computed as in the previous section with the aid of the spectral zeta function (2.2), where we should now set d = 2. In this case, we have g(s) = 1 for s = 0 and g(s) = 2 for s ≥ 1 and the volume factors are given by
where R is the radius of the S 2 located at a large cutoff ρ = ρ c . In d = 2, the spectral density is particularly simple [57] 
The determinant of the operator (−∇ 2 +κ 2 ) (with κ a constant) acting on the space of symmetric traceless transverse spin s fields is obtained as
From the structure of the kinetic operators in (3.4) we see that ∆ = s for the spin s fields and ∆ = s + 1 for the spin s − 1 ghosts (we choose the standard boundary conditions for all the higher spin fields), and ∆ ± for the scalar. Evaluating the integral (2.2), we get −ζ (∆,s) (0) = 1 3 g(s)(∆ − 1)((∆ − 1) 2 − 3s 2 ) log R . where ± corresponds to ∆ ± = 1 ± λ. The full one loop free energy is then where we have used ζ function regularization to perform the sum over all spins. 14 Adopting the ∆ ± boundary condition for both of the scalar fields, this yields
(3.12) 13 In odd-dimensional space-time the logarithmic divergence proportional to ζ (∆,s) (0) is absent. 14 The contributions of fields with s = 2, 3, . . . are the same, up to a factor of 2, as those found in [34] for the difference between standard and alternate boundary conditions on higher spin fields. This is because (3.8) is odd under the exchange ∆ → 2 − ∆, so that taking the difference between ∆ , which is again proportional to the result in [34] . The ζ function regularized sum of the s = 1, 2, . . . contributions vanishes, and a ∆ = 2 scalar field does not contribute. Thus, the O(N 0 ) correction to a-anomaly vanishes for this spectrum in AdS 5 , in agreement with the theory of N free complex conformally coupled scalar fields in 4-d. Furthermore, the ζ-function regularized sum over even spins gives 1/90 which is the a-coefficient for a real conformal scalar. 
